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498. 


ON THE INVERSION OF A QUADRIC SURFACE. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. x1. (1871), 
pp. 283—288.] 


THE inversion intended to be considered is that by reciprocal radius vectors, viz. 
if æ, y, z are rectangular coordinates, and r*=a*+y*?+2*, then a, y, z are to be 


changed into Z, Y, 2. But it is convenient to introduce for homogeneity a fourth 


ra? gt? r 
coordinate w, =1; and the change then is a, y, z into =); a : a 
Starting from the quadric surface 
(a,b, o d, f 9, h, l, m n¥a, y, 2, wy =0, 
or, what is the same thing, 
(a, b, c, f, g, hýæ, y, 2) 
+ 2w (læ + my + nz) 
+ dw =0, 
the equation of the inverse surface is 
w? (a, b, c f, g, hea, y, 2? 
+ 2w (la + my + nz) r? 
+ dr‘ = 0, 
where ®=a°+y?+2%. The inverse surface is thus a quartic having the nodal conic 
w=0, #@+y'+2*=0 (circle at infinity); and having the node «=0, y=0, z=0 (the 


centre of inversion); or say it is a nodal bicircular quartic surface, or nodal anallagmatic. 
9—2 
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For a, y, z write e—} a y—4 Tu z—4 s w, and put for shortness 


læ + my + nz =u, PHM, 

al + hm + gn=a, (a, b,c, f, g, AY¥l, m, ny = 
hl + bm + fn =b, 

gl + fm + cn =c, 


then 
3 uw a 
r? becomes 7? — F? +4 pe 
a 
la + my + nz » U- daw 
(a,...Q2,y, 2? 4 (a, Ñe, yY, 2) — (aw + by + cz) J+H E 


Hence the equation is 


auw? a 


dir- r ee a P 5) - 4+ - = TET 


uw? a 
+2 (wre "T +i fw’) (e830) 
+u ka, PT RETA z} — (ax + by +02) 5+34 t= 05 


viz. arranging and reducing, this is 


dr‘ 


+wf- pie- F4(a Ne, y, “| 


+w] a — 7 (èz + by + cz)} 
: 
+ut\ 35424 5 = 0; 


and we may without loss of generality assume 
-1 +f= 0, that is df — mn = 0, 


-fga A O gy dg—nl =0, 


en Mea Qa dh — lm = 0. 


www.rcin.org.pl 


498 | ON THE INVERSION OF A QUADRIC SURFACE. 


The equation then is 


yr 


2 


a fa =! b z c 
wirdgeryte+(f-g)e+G-F)r+G-3 


twf > Z (aw + by +ez)h 


d? 

Write 

ad——? =d, 

bd — m? = b'd, 

cd -n =d. 
We have 

Im? In? 
a=al+hm+gn= A Oh tat T =$ (ad=? +2), 

that is 

ala’ + la 

x? 7 

and similarly 

b = mb’ + a ; 

c=nc’ + a 
Hence also 

A= ba + mb’ + nc’ +5 ‘ 
and the equation is 

rt 
a a a 
EN {(- 2 pt Gq)” +s bat AL ta rata)” 
+ w? =e la’ x mb’ ene ne’ l 
d? d2 y d2 


2 
+ wt i (La + mb’ + nc’) + 5 a = 0. 


This is Kummer’s form, say 


ri = 4w {aye + By? + y + Ow? + 2w (a, + by + az), 
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where ; 
-tanait 
CE 
a ai 48, a iam 4 a? Fe d , 
e E 
Sen S; 
— 46, = p(t’ + mid! + rte) +a a, 
l 
an 8a, We = , 
ne’ 
= 8c, = a . 
Hence Kummer’s equation 
D PND Fak A SAT. a Cr" 
a N+ G r+ Py A+" 
hee 256 256b, 2560; 
256a? 56b, 56c 
O40, + CAN E a a 
becomes 
2 2q 2 4m2b’2 4n2c2 
6402 — qi # Da! a. mb’ + + n°’) tea a= Bere... S + —— r n OR Sk eos 
t(ia7ata) haaat) tag-ara) 
which is satisfied by 44 = -iF Writing therefore 
a 0 
Aa AT 
that is á 
20: & 
Sha ae’ 
4Q? 40a? 
6407 = E + ete 
the equation is 
4Q@2 40a 4, f A 4l’? 4mb” n?e” 
d? to — (la + mb te a (eb) gi CRI ta pE f 
aoa ( d d ( d d 
viz. this is 
La” mb? n?e? 


2y” 2} Fes ae EE paki Ce Oe 
La’ + mb +n — 0a ed Oia toayt Onc!’ 
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which is of course satisfied by @=0, Moreover the derived equation 


Pa’? m2b2 nc? 
—a—26d=— yon 4p O+ey 


is also satisfied by = 0, so that this is a double root. The equation in fact is 
{Pd + 0a — (La + mb’ + n*c’)} (0+0') (0+) (0+c’) 
+ [La (0 +b’) (0 +c’) + mb? (6+0')(0+a')+ nc? (0 +a’) (8+b)} =0, 
or, expanding and dividing by 6%, this is 
d(6+a’')(6+0')(0+¢’) 

+ afP+0(a +b +c)4+e+ca' +a} 

— (Pa +m’ + nc’) (0+a' +0’ +e’) 

+ Pa?+mb?+n%c?=0, 
which gives the remaining three roots. 


If a’ =b’=c' the equation is 


(0O+a'+a)(0+a’P=0. 
I recall that we have 


mn nl lm 
a, b, c, d, fmi Jrg’ h=-75 l, m, n, 
ES l? sli m? ‘ye al m = ]2 2 2 


so that the quadric surface is 
d (a'a? + b’y? + 2) + (la + my + nz + dwy=0, 


and that, a, B Yu &, a, b, ¢ denoting as before, the equation of the inverse surface 
(referred to a different origin) is 


rt = Any? [aa + By? + y,2? + Ow? + 2w (aw + by + C,2)}. 
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